Let F be a characteristic zero differential field with algebraically closed constant field, and consider the compositum Fu of all Picard-Vessiot extensions of F with unipotent differential Galois group. We prove that the group of F differential automorphisms of Fu is a free prounipotent group.
Introduction
Throughout, F denotes a characteristic zero differential field with algebraically closed field of constants C. The compositum F u of all Picard-Vessiot extensions of F with unipotent differential Galois group is a (generally infinite) differential Galois extension of F whose (pro)unipotent differential Galois group we denote by U Π(F ). We show that this group is free prounipotent. It is free on the empty set (that is, trivial) if F has no unipotent extensions, which occurs, for example, if F is differentially closed; it is free on one element (that is, G a ) if, for example, F = C; and in all other cases it is infinite dimensional.
In fact, what we will show is that U Π(F ) is projective. In Section 3 below we will recall the results from [5] which imply that for prounipotent groups "projective" and "free" are equivalent. Recall that a proalgebraic group P is projective in the category of proalgebraic groups if for every surjective homomorphism α : A → B of proalgebraic groups and for every homomorphism f : P → B of proalgebraic groups there is a homomorphism φ : P → A of proalgebraic groups such that f = α • φ [2, Definition 8, p. 29]. (Note: the definition in [2] said "epimorphism" instead of "surjective". It is clear from the context that "surjective" was meant. In the category of (pro)algebraic groups epimorphisms are not necessarily surjective, so that the definition of projective using epimorphism is far more restrictive than that using surjective.) A prounipotent group U is projective in the category of prounipotent groups provided it satisfies the above definition where A and B are restricted to be prounipotent. By [5] (see below), to test the projectivity, and hence freeness, of a prounipotent group U it suffices to consider the case of α's where both A and B are unipotent and the kernel of α is isomorphic to G a . We can, moreover, assume f is surjective.
By the preceding, to see that the prounipotent group U Π(F ) is projective, we need to show that for any surjection α : A → B of unipotent groups with kernel K isomorphic to G a and any surjective homomorphism f : U Π(F ) → B there is a homomorphism φ : U Π(F ) → A such that f = α • φ. If α has a splitting, namely if there is a β : B → A such that α • β = id B , then we can take φ = β • f . Hence we can concentrate on the case that α is not split. In the non-split case, if there is a φ it must be surjective. In other words, to see that U Π(F ) is projective we must show that for a non-split homomorphism of unipotent groups α : A → B with kernel K isomorphic to G a and surjection f :
We can of course assume that A = B/K. By Galois theory, a surjection U Π(F ) → B means we have a Picard-Vessiot extension E B of F with differential Galois group B, and a surjection U Π(F ) → A means we have a Picard-Vessiot extension E A of F with differential Galois group A. Thus the existence of φ amounts to starting with a Picard-Vessiot extension E A of F with Galois group A = B/K and finding a Picard-Vessiot extension E B of F with Galois group B which contains E A such that E A = (E B ) K . In Galois theory this is known as the embedding problem. Thus our main result amounts to a solution of the embedding problem for extensions of unipotent groups by G a .
The group Π(F ) of F differential automorphisms of the compositum of all Picard-Vessiot extensions of F is a proalgebraic group whose maximal prounipotent quotient is U Π(F ). If Π(F ) is projective (a very strong property: this implies all embedding problems over F are solvable) then so is U Π(F ). Bachmayr, Harbater, Hartman, and Wibmer [1] have shown that Π(F ) is free, and hence projective, in some cases.
A preliminary version of this work was originally presented at the conference "Galois Groups and Brauer Groups" held in honor of Jack Sonn.
Embedding Problem
We retain the notation from the introduction: F denotes a characteristic zero differential field with algebraically closed field of constants C. Its derivation is denoted D F , with the subscript sometimes omitted.
As noted in the introduction, to prove that U Π(F ) is projective we need to solve an embedding problem which starts with a Picard-Vessiot extension E of F with unipotent differential Galois group B and a non-split unipotent extension A of B by G a . In this context the Picard-Vessiot ring of E is isomorphic to F [B] (hence a polynomial ring over F and a fortiori a UFD) and the surjection A → B is split as varieties. We are going to show this embedding problem has a solution when the hypotheses are weakened to only require that B is a proalgebraic group such that F [B] is a UFD with a B invariant derivation extending D F such that the quotient field F (B) has no constants except C (and hence is a ((union of)) Picard-Vessiot extensions of F with differential Galois group B). We further require that the differential ring has no non-trivial principal differential ideals. Then we solve the embedding problem when A → B is a non-split extension of proalgebraic groups with kernel isomorphic to G a which is split as a surjection of provarieties. We fix the following notation for the group G a :
with y(z a ) = a The action of G a on C[G a ] (left action on functions from right translation action on the group) is then given by
We also introduce some notational conventions for extensions by G a which are split as varieties:
be a central extension of (pro)algebraic groups which splits as varieties.
Denote the map G → G by g → g.
Denote the variety section G → G by ψ so that ψ(g) = g. Then φ(g) := ψ(g) can be regarded as a function on G Taking G a to be a subgroup of G and using the conventions of Notation 1, we define the function
We call this the y − φ representation of elements of G. Then
With these conventions, we have the following solution of some Embedding Problems for central extensions of G a which are split as varieties but not as groups. The result has a statement about factorality and units in both its hypotheses and conclusions; this is to enable the result to be used inductively. Note that, in the notation of the statement of Theorem 1, F (G) ⊃ F and F (G) ⊃ F have no new constants, so they are Picard-Vessiot extensions with groups G and G, respectively, and F (G) ⊂ F (G), solving the associated embedding problem.
and q|D(q) then q is a unit Let 1 → G a → G → G → 1 be a central extension which splits as varieties but not as algebraic groups over F . Then there is a derivation on F [G] extending D which commutes with the G action and is such that F (G) has no new constants. Moreover, F [G] is a unique factorization domain and if 0 = q ∈ F [G] and q|D(q) then q is a unit.
Proof. Using the conventions of Notations 1 and 2, and the fact that G a is central,we compare the product of y − φ representations with the y − φ representation of the product:
Then we combine to define the function α on G × G:
We can then use α to describe the action of G on y:
Thinking of α as a C valued function on G × G, we define:
We are going to show that σ is a cocycle. We calculate: σ(hk), using x to stand for the variable argument also symbolized by (·):
In [4] (see also [3] ), it is shown that (1) C[G] (and therefore F [G]) is an injective G module; and (2) for any G module M , Ext 1
, then, every cocycle is a coboundary. It follows that σ = δ(f ) for some f ∈ F [G]. (Note: the results of [4] are for linear algebraic groups; the extensions to proalgebraic groups are straightforward.)
We use the f such that
. This is precisely the condition obtained above for the G invariance of D.
Thus D extends the derivation of F [G]. Next, we want to show that F (G) has no new constants. We can regard F (G) as the quotient field of F (G)[y]. Since F (G) has no new constants, we claim that F (G) has no new constants provided that f is not a derivative in F (G). This is an elementary direct calculation; for example, see which implies that q|D(q). By assumption, this means that q is a unit of F [G] and that f is the derivative of p/q ∈ F [G].
Since C is algebraically closed, this means that the extension already splits as groups over C.
This contradiction means f is not a derivative in the quotient field of F [G]. We conclude that F (G) has no new constants.
We also observe that
[y] is a unique factorization domain. To complete the proof, suppose 0 = q ∈ F [G] and q|D(q). We can write q as a polynomial in y with coefficients in F [G], say q = n k=0 a k y k with a n = 0. Then
In particular, D(a n ) = ba n . Since a n |D(a n ), this means a n is a unit. We differentiate q/a n : D( q a n ) = a n D(q) − qD(a n ) a 2 n ) = q a n a n b − D(a n ) a n so q a n |D( q a n ).
So we can replace q by q/a n and hence we can assume a n = 1. Then D(q) has degree less than n, so q|D(q) implies that D(q) = 0. Thus q is a constant of F (G), and we know these are in C. In particular, q is a unit of F [G].
This completes the proof the theorem.
Projective Galois Groups
We are going to apply Theorem 1 when the group G is (pro)unipotent, and hence so is G. This implies that F [G] is a polynomial ring, and in particular a unique factorization domain, all of whose units are in F .
With that application in mind, we make an observation about (infinite) Picard-Vessiot extensions whose differential Galois group is (pro)unipotent. Proposition 1. Let E ⊃ F be a (possibly infinite) Picard-Vessiot extension with (pro)unipotent differential Galois group H. Then its Picard-Vessiot ring R is isomorphic to F [H] as a ring and an H module.
Proof. The H equivariant isomorphism of Kolchin's Theorem, [5, Theorem 5.12 p. 67], may be written as
Let G be the Galois group of F over F . The G action on the first factor of F ⊗ F R commutes with the H action on the second factor, and this G action on F ⊗ F R has R as its ring of invariants. By transport of structure, and the H equivariance Proposition 1 implies that if E ⊃ F is a (possibly infinite) Picard-Vessiot extension with (pro)unipotent differential Galois group G, then its Picard-Vessiot ring F [G] satisfies the hypotheses of Theorem 1. To apply the theorem to an extension of G by G a , we need to know that the extension in question is split as varieties (and not split as groups). All extensions of (pro)unipotents by (pro)unipotents are split as varieties: this fact seems to be well known, so we only sketch the proof.
be an extension of a prounipotent group H by a prounipotent group K. Then the extension splits as varieties.
Proof. When H and K are unipotent, so is G. Both G and H are isomorphic as varieties to their Lie algebras. A right linear inverse to the linear vector space projection Lie(G) → Lie(H) composed with these isomorphisms is a variety section. The same argument works for prounipotent groups, using the complete Lie algebras [5, 1.1 p.78]. There are (pro)variety isomorphisms of the groups to the complete Lie algebras, which are as additive groups products of copies of G a , and the surjection between them has a linear inverse because the kernel is a closed subspace.
A linear action of a prounipotent group on a one-deimnesional vector space is trivial, so a normal subgoup of a prounipotent group isomorphic to G a is central. Now we come to our main application.
Theorem 2. Let E ⊃ F be a (possibly infinite) Picard-Vessiot extension with (pro)unipotent differential Galois group G. Let
be a extension which does not split as algebraic groups over F . Then there is a Picard-Vessiot extension E 1 ⊃ F with differential Galois group G such that E 1 ⊃ E and such that the restriction map on differential Galois groups is the given map G → G.
Proof. By Proposition 1 we may assume E is the quotient field of F [G] and so the latter satisfies the hypotheses of Theorem 1. By Proposition 2 the extension 1 → G a → G → G → 1 also satisfies the hypotheses of the theorem. Then E 1 = F (G) with the derivation of the theorem is the desired Picard-Vessiot extension.
Theorem 2 applies of course when G is unipotent, and asserts that a solution of the embedding problem for extensions of unipotent groups by G a always exists. We can now conclude that the differential Galois group of the compositum of the unipotent extensions of F is projective. Theorem 3. Let U Π(F ) be the differential Galois group of the compositum F u of all Picard-Vessiot extensions of F with unipotent differential Galois group. Then U Π(F ) is a projective prounipotent group.
Proof. By [5, Theorem 2.4, p.84] , it suffices to show that for any unipotent group B and any extension of A of B by G a a homomorphism f : U Π(F ) → B can be lifted to A. Note that A is also unipotent. Let α : A → B be the projection. If f is not surjective, we can replace B with B ′ = f (U Π(F )) and A with A ′ = R u (α −1 (B ′ ) (the unipotent radical of the inverse image) to obtain an extension A ′ ≤ A of B ′ ≤ B by G a and a surjective homomorphism U Π(F ) → B ′ . If this homorphism can be lifted to A ′ then the same homorphism lifts f to A. As remarked above, if A ′ is a split extension of B ′ then the splitting produces the lift. Thus we can assume A ′ is a non-split extension of B ′ . We drop the "primes" and revert to the original notation. The surjection f means that we have a Picard-Vessiot E B extension of F with differential Galois group B and a non-split exact sequence
By Theorem 2 there is a differential Galois extension E A ⊃ F with differential Galois group B (and hence a surjection U Π(F ) → B) and E B ⊃ E A (which implies that the surjection lifts f ).
As we recall below, projective prounipotent groups are free prounipotent, and vice versa. That projectives are free is [5, Proposition 2.8. p. 86]. Thus we conclude: Corollary 1. Let F u be the compositum of all the unipotent Picard-Vessiot extensions of F . Then the differential Galois group U Π(F ) of F u over F is free prounipotent.
Theorem 2 shows that if there is a G a extension of a prounipotent differential Galois group over F , then the extension is realized as a differential Galois group. In [5, Theorem 2.9, p.87], it is shown that if a prounipotent group G is not free, then H 2 (G, C) = 0 (and conversely). This H 2 is derived functor cohomology in the category of rational G modules, which by [4] is also Hochschild cohomology (two cocycles modulo two coboundaries). Because of the fact, used above, that extensions of prounipotents by G a split as varieties, Hochschild cohomology corresponds to extensions [3, Proposition 2.3 p.190 ]. Thus all non-free prounipotent groups have non trivial extensions by G a , and conversely. We need to remark here that non trivial means non split as algebraic groups over C, whereas Therem 2 refers to non split as algebraic groups over F . Actually the former implies the latter: for if H 2 (G, C) is non trivial, the same is true for extension to any algebraically closed field C over C. This follows from constructing an injective resolution of C as a G module whose terms are sums of the modules C[G]. Then tensoring this resolution over C with C, which is an exact functor, produces a resolution of C whose terms are sums of C[G], hence injective, and taking G invariants and homology commutes with tensoring as well, so that H 2 (G C , C) is isomorphic to C ⊗ H 2 (G, C).
It is possible that F has no unipotent Picard-Vessiot extensions; for example, it may be Picard-Vessiot closed [7] . In this situation the free prounipotent group of Corollary 1 is the free prounipotent group on no generators. It is possible that F has a unique unipotent Picard-Vessiot extension with group G a , which is the free prounipotent group on one generator; this happens for F = C. In both these cases, the number of generators of the free prounipotent group is the dimension of F/D(F ) as a C vector space. As we now show, this happens in general. We set the following notation: Notation 3. Let U Π = U Π(F ) denote the differential Galois group of F u over F .
Let {x α ∈ F |α ∈ A} be such that their images in F/D(F ) are a basis over C.
Let y α ∈ F u be such that D(y α ) = x α . Let G α be the differential Galois group of F (y α ) over F . Note that G α is isomorphic to G a .
The following lemmas describe some of the properties of the x ′ α s and y ′ α s. Then D(y) = D(a n )y n α + a n x α y n−1 α + D(a n−1 )y n−1 α + . . . . Assume that n ≥ 2, so n − 1 ≥ 1. Note that x = D(y) has degree 0. Thus we must have D(a n ) = 0, so a n is a constant, and na n x α + D(a n−1 ) = 0, so x α = D(−a n−1 /na n ). This means x α is 0 in F/D(F ), which is a contradiction. If n = 1, we have y = a 1 y α + a 0 , and again D(a 1 ) = 0 so a 1 is a constant. And if n = 0, y ∈ F . Thus the result obtains. Proof. We use induction on the cardinality m of F , the case m = 1 being trivial. So suppose the result holds for m = k − 1 and consider the case m = k. We index so that {y α |α ∈ F } = {y 1 , . . . , y k }. Consider E = F (y 1 , . . . y k ) and its subfield E 0 = F (y 1 , . . . y k−1 ). These are both Picard-Vessiot extensions of F with differential Galois groups G and G 0 respectively which are products of copies of G a : G 0 is k − 1 copies by the induction hypothesis and G is at most k copies. Since G → G 0 is onto, if G is not k copies the map is an isomorphism and E = E 0 . Thus y k belongs to the Picard-Vessiot ring of E 0 and hence to F (y 1 , . . . , y k−2 )[y k−1 ]. We conclude from Lemma 1 that y k = c k−1 y k−1 + d k−2 where d k−2 ∈ F (y 1 , . . . , y k−2 ). Proof. π will be an isomorphism provided the inclusion of Hom( G α , G a ) into Hom(U Π, G a ) is an equality. Suppose we have a surjection χ : U Π → G a . Then there is a Picard-Vessiot extension E ⊂ F u with group G a realizing χ as restriction.
Any such E has the form F (y) where D(y) = x ∈ F . Then x can be expressed, modulo D(F ), as a C linear combination of x ′ α s, where the α ′ s in question come from a finite subset F of A. Renumbering, we write x = n k=1 c k x k + D(z), with z ∈ F . Then D(y − c k x k − z) = 0, so y = c k y k + z + c, where c is a constant. In particular, y ∈ F (y 1 , . . . , y n ) so E ⊂ F (y 1 , . . . , y n ). Thus χ factors through the projection of G α on the factors in F and hence lies in Hom( G α , G a ). Lemma 3 says that the group U Π, which we know to be free prounipotent, is free prounipotent on a set of cardinality that of A. We conclude by recording these results:
Theorem 4. Let F u be the compositum of all the unipotent Picard-Vessiot extensions of F . Then the differential Galois U Π(F ) group of F u over F is free prounipotent on a set of cardinality equal to the C vector space dimension of F/D(F ).
If dim C (F/D(F )) is infinite, then U Π is free prounipotent on infinitely many generators. It follows that any unipotent group U is a homomorphic image of U Π. If K ≤ U Π is the kernel of the surjection U Π → U then E = F K u is a Picard-Vessiot extension of F with G(E/F ) ∼ = H. So we conclude the following about the unipotent Inverse Problem for F :
is an infinite dimensional C vector space, then every unipotent algebraic group over C occurs as a differential Galois group over F .
Projective and Free Prounipotent Groups
Proposition 3. Let U be a prounipotent group. Then the following are equivalent:
(1) U is a free prounipotent group
(2) U is projective as a prounipotent group Suppose U is a projective prounipotent group. To show that U is projective as a proalgebraic group, by [2, Proposition 4, p. 30] we need to show that if α : A → B is a surjection of algebraic groups and f : U → B is a morphism then there is a morphism φ : U → A with f = α • φ. Since U is prounipotent, f (U ) is a unipotent subgroup of B. Since α is surjective, its restriction to the unipotent radical R u (α −1 (f (U )) is surjective to f (U ). Since U is assumed projective in the category of prounipotent groups, there is φ 0 : U → R u (α −1 (f (U ) such that f = α • φ 0 i. Then φ 0 composed with the inclusion of R u (α −1 (f (U ) into A is the desired φ. Thus U is projective as a proalgebraic group.
Suppose U is projective as a proalgebraic group. Then it is a fortiori projective as a prounipotent group, which means it has the lifting property of [5] , and hence, as noted above, by [5, Proposition 2.8, p.86] is free prounipotenet.
Finally, we restate [5, Theorem 2.4, p. 84] as a corollary to Proposition 3: Corollary 3. A prounipotent group U is free if and only if for every non-split surjective homomorphism α : A → B of unipotent groups with kernel K isomorphic to G a and for every surjective homomorphism f : U → B of prounipotent groups there is a surjective homomorphism φ : U → A of prounipotent groups such that f = α • φ.
Proof. [5, Theorem 2.4, p. 84] shows that U is projective in the category of prounipotent groups (and hence free) provided there exists a φ for all α and f as in the corollary without the restrictions that α be non-split and f be surjective. Apply the argument in the proof of Theorem 3 with U replacing U Π(F ) to reduce to the cases where α is non-split and f is surjective.
